In this paper we investigate the existence of branches of embedded trapped modes in the vicinity of symmetric obstacles which are placed on the centreline of a twodimensional acoustic waveguide. Modes are sought which are antisymmetric about the centreline of the channel and which have frequencies that are above the first cut-off for antisymmetric wave propagation down the guide. In previous work [1], a procedure for finding such modes was developed and it was shown numerically that a branch of trapped modes exists for an ellipse which starts from a flat plate on the centreline of the guide and terminates with a flat plate perpendicular to the guide walls. In this work we show that further branches of such modes exist for both ellipses and rectangular blocks, each of which starts with a plate of different length on the centreline of the guide. Approximations to the trapped mode wave numbers for rectangular blocks are derived from a two-term matched eigenfunction expansion and these are compared to the results from the numerical scheme described in [1] . The transition from trapped mode to standing wave which occurs at one end of each of the branches is investigated in detail.
Introduction
In a previous paper McIver, Linton, McIver, Zhang & Porter [1] proved that trapped modes exist for a countably infinite set of sufficiently long thin plates on the centreline of a twodimensional acoustic guide at wave numbers which are above the first cut-off for antisymmetric wave propagation down the guide. Trapped modes are localised oscillations which have finite energy and their existence in acoustic guides at wave numbers below the first antisymmetric cut-off has been well-documented (see for example [3] , [4] , [5] , [6] and [7] ). For wave numbers above the cut-off the eigenvalue associated with the trapped mode is said to be embedded in the continuous spectrum of the relevant operator. It is much harder to prove the existence of embedded trapped modes and they are known to be unstable to arbitrary perturbations in the body geometry. In general a perturbation in the obstacle or its position in the guide transforms the eigenvalue into a so-called 'complex resonance'. A description of such resonances for off-centre bodies in guides is given by Aslanyan, Parnovski & Vassiliev [8] . However, in [1] it was shown numerically that for wave numbers between the first and second cut-off for antisymmetric wave propagation down the guide, an obstacle which supports an embedded trapped mode may be varied along a specific path within a two parameter family of geometric perturbations in such a way that the trapped mode persists.
In particular we showed that if the flat plate aligned with the guide walls is deformed into an ellipse of a particular size and aspect ratio then the trapped mode remains and in fact a branch of trapped modes exists which starts with a plate on the centreline of the guide and terminates with a standing wave for a flat plate aligned perpendicular to the guide walls, and passes through a series of ellipses in-between. Other two parameter families of perturbations are possible and in [1] it was shown that a branch of modes exists for shapes of the form
, where x is measured down the guide, y is measured across the guide and ν and a vary along the branch.
In the previous work we concentrated solely on branches of modes which emanate from the plate of smallest length on the centreline. However each of the plates is the starting point for a branch of modes and in this work we investigate the structure of the higher branches when the plates are deformed into either rectangular blocks or ellipses. Rectangular blocks are chosen because they have the interesting property that sin 3πy/2d is a standing wave which can be supported by a block of half-depth b = d/3, where 2d is the width of the guide and y is measured across the guide from the centreline, irrespective of the length of the block. It is found that one set of branches of trapped modes terminate in standing waves for blocks of this depth but that the others do not. Furthermore it is possible to obtain simple but accurate approximations to the trapped mode wave numbers from a two-term matched eigenfunction expansion and this procedure is used to obtain qualitative information about the structure of the branches.
The paper is organised as follows. In the next section the solution for the trapped mode potential for a rectangular block is written in terms of an eigenfunction expansion. The usual matching conditions are applied and the resulting series are truncated at two terms. In this section an approximate solution for a trapped mode in the vicinity of a rectangular block is derived, at a frequency which is above the first cut-off for antisymmetric wave propagation down the guide but below the second such cut-off. A quarter section of the block and guide is illustrated in Figure 1 and a trapped mode potential is sought which is symmetric in x and antisymmetric in y. A trapped mode which has this two-fold symmetry is sought as this means that there is only one type of wave which can propagate to either infinity. Moreover as the body is symmetric in x, there is only one condition which needs to be applied to ensure that the amplitudes of the waves propagating to both infinities are zero. It is expected that another set of modes exists that are antisymmetric in both x and y, but it is not thought possible to relax the condition of antisymmetry in y.
The trapped mode potential φ satisfies
in the guide exterior to the body, where k 2 = ω 2 /c 2 and ω is the angular frequency of oscillation of the mode and c is the speed of sound. The boundary conditions are given by
and
Evans, Levitin & Vassiliev [4] proved that trapped modes exist for blocks of arbitrary length a when kd < π/2. The aim here is to seek blocks which support trapped modes for values of kd in the range π/2 < kd < 3π/2, the upper limit being the infimum of the set of values of kd for which antisymmetric waves of the form e iαx sin 3πy/2d, 9π
can propagate down the guide. The formulation of the problem follows closely that described in Evans & Linton [2] . The solution for φ is written as an eigenfunction expansion in each of regions I and II and the coefficients in the expansion are determined by the requirement that the potential and velocity are continuous on the common boundary and that the horizontal velocity is zero on x = a, 0 < y < b.
The potential in region I is written as
where {U (1) n } are the unknown coefficients and {ψ n (y)} is the complete orthonormal set of functions given by
where
As modes are sought in the range π/2 < kd < 3π/2 and
However if
then k 1 d is purely imaginary and so from the series in (6) is a standing wave solution to (1) which satisfies the boundary conditions (2) - (4), irrespective of the length of the block.
The potential in region II is written as
where {U (2) n } are the unknown coefficients and {Ψ n (y)} is the complete orthonormal set of functions given by
It should be noted that, as kd > π/2, a possible term which multiplies Ψ 1 (y) contains progressive waves and so its coefficient is forced to be zero by the requirement that φ → 0
Continuity of the horizontal component of the velocity on x = a gives
Multiplication of both sides of (18) by Ψ m (y), m = 1, 2, . . . and integration over [0, d] gives
Continuity of potential on x = a, b < y < d gives
Multiplication of both sides of (21) by ψ m (y), m = 0, 1, . . . and integration over [b, d] gives
A trapped mode solution for which π/2 < kd < 3π/2 corresponds to a nontrivial solution of the systems of equations in (19) and (22). A crude approximation to these equations is obtained by truncating the expansion in region I at n = 1 and the expansion in region II at n = 2. Physically this corresponds to allowing for the effects of the two possible wave-like terms in the inner region and the leading order non-zero term in the outer region. This procedure yields the matrix system of equations 
These equations are then expanded and after manipulation, combination with (10) and (17) and evaluation of the integrals c nm they reduce to a transcendental equation for ka for a given value of b/d, namely
Thus c just depends on b/d and as b/d < 1/3, c is positive. Once ka has been determined from (26) the remaining non-dimensional parameters may be written in terms of it. In particular it may be shown that
The potential in region II is formed from a sum of decaying exponentials, and so from 
From (26) and (32) qa tan qa must be positive, which means that qa must be real and so from (6) and (10) there are two waves in the inner region. Furthermore as qa is chosen to be the positive square root in (10) and qa tan qa > 0 then tan qa > 0, that is
The pair of integers (n, m) measure the number of wavelengths of the modes cos kx and
] respectively, which fit in the inner region and it is convenient to identify the roots of (26) by these numbers. From (27), (32) and (33) Suppose that we want to determine all blocks that support trapped modes which have a half-length a < a * where a * is some given value. As kd lies in the range π/2 < kd < 3π/2,
. From (32) as ka < (n+1/2)π for some integer n, if all the roots of the transcendental equation (26) ,0L  H2,0L  H2,1L  H3,0L  H3,1L  H3,2L  H4,0L  H4,1L  H4, Moreover from (26) and (27) tan qa → tan ka 1 − 4
which from (33) gives qa → mπ and from (37) the limiting values of b/d as
Thus for a fixed value of n and m = 0, these branches all terminate at the same value of a/d when kd = 3π/2. This is most easily seen from the results in as it is not possible to determine analytically which ellipses with finite, non-zero area can support standing waves. Furthermore the branch structure for the trapped modes for the ellipse is expected to be typical of that for the vast majority of symmetric obstacles which may be deformed from flat plates, whilst the rectangular block is a special body which has certain distinctive properties.
Conclusion
In this work we have investigated the structure of branches of embedded trapped modes 
